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Abstract 

We show that for topological groups and loop contractible coefficients 
the cohomology groups of continuous group cochains and of group cochains 
that are continuous on some identity neighbourhood are isomorphic. More- 
over, we show a similar statement for compactly generated groups and Lie 
groups holds and apply our results to different concepts of group coho- 
mology for finite-dimensional Lie groups. 

Introduction 

For a topological group G and a continuous G-module A exist various con- 
cepts of "topological group cohomology", i.e., cohomology groups taking the 
topological properties of G appropriately into account [Seg70, Del74, Moo76]. 
When approaching from concrete cocycle models, there exist the naive no- 
tion of the cohomology H*{G, A) of the complex C*{G, A) of continuous group 
cochains and the more ad-hoc notion of the cohomology Hi^{G,A) of the com- 
plex Ci^{G,A) of group cochains which are continuous only on some identity 
neighbourhood. The inclusion C*{G, A) ^ Ci^{G, A) induces a homomorphism 
H*{G,A) — !> Hi^{G,A) in cohomology, comparing these two notions. 

The locally continuous cohomology arises when combining non-trivial alge- 
braic and topological information. For instance, the universal covering of a 
locally contractible and connected topological group K is a central extension 

ni{K) K ^ K, 

which gives rise to a universal class in Hf^{K,TTi{K)), but K cannot be de- 
scribed by a class in H*{K, tti{K)). This construction has an immediate gener- 
alisation to higher connected covers [WWII, Example V.2]. If K is, in addition, 
a (possibly infinite-dimensional) Lie group, and Z is an abelian Lie group, then 
the analogous notion of locally smooth cohomology Hf^ {K, Z) arises naturally 
in the integration problem of central and abelian extensions of Lie algebras 
[Nee02, Nee04]. 
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If G is connected, then the continuous group cohomology H^{G,A) de- 
scribes abehan Lie group extensions which admit continuous global sections, 
i.e. they are trivial principal ^-bundles. The "locally continuous" group co- 
homology Hf^{G,A) describes abelian Lie group extensions which only ad- 
mit local continuous sections, i.e. they are locally trivial principal j4-bundles. 
For paracompact G and (loop) contractible^ A the Lie group extensions de- 
scribed by Hf^{G,A) also admit a continuous global section, hence the mor- 
phism P : H^{G, A) Hf^{G, A) is an isomorphism in this case. We show that 
this is true in every degree and that the same also holds for a Lie group G, a 
smooth G- module A and the inclusion C*{G,A) ^ G;* (G,y4) of smooth into 
"locally smooth" cochains: 

Theorem. If G is a topological group and A a continuous G-module, then the 
natural inclusion 

C:{G,A)^CUG,A) 

induces an isomorphism in cohomology provided A is loop contractible (e.g. a 
topological vector space). If G is a Lie group whose finite products are smoothly 
paracompact and A is a smooth G-module, then 

C:iG,A)^CUG,A) 
induces an isomorphism in cohomology if A is smoothly loop contractible. m 

Wc also show that similar result also holds for compactly generated topologi- 
cal groups and modules. This has as an important consequence that the "locally 
continuous" cohomology coincides with the other mentioned topological group 
cohomologies, see [WWII, Theorem IV. 5], which then has consequences for the 
regularity properties of measurable cocycles for general locally compact groups, 
see the end of Section 3 in [Ausll]. 

As an application of our main result wc show that it has as a consequence 
that "locally smooth" and "locally continuous" cohomology for finite-dimensional 
Lie groups coincide under a mild technical assumption. 

I Continuous and "Locally Continuous" Cochains 

Let G be a topological group and ^ be a topological G-module^. In this sec- 
tion wc introduce the complexes of continuous and "locally continuous" (group) 
cochains and a double complex that will do the work for us when showing the 
main theorem. We start with the continuous standard cochain complex A*(G, A) 
and its subcomplex C*{G,A) of continuous homogeneous group cochains. 

^ A topological group A is called loop contractible if there exists a contraction H : Axl A 
such that for each t £ the map H{—, f) : yl — > A is an endomorphism of A. 

^In contrast to Section III we thus assume that the multiplication and module map G X 
G G and G X A — > A are continuous for the product topology. 
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The standard cochain complex is the complex A*{G,A) := M.ap{G*'^^ , A) 
with differential 

n+l 

d: A^G,A)^A-+\G,A), df{g^, ...,gn+^) = Y,{-iy f{g^, ...,g,, ...,gn+^) , 

1=0 

and is always exact. (It is obtained by applying Map(— ,A) to the standard 
resolution of ZG cf. [Br82. Chapter 1.5]). The continuous cochains form a sub- 
complex C{G*'^'^ , A), which is also exact and which we denote by Al{G,A). 
Somewhere in between there exists a complex of "locally continuous" cochains, 
which we are going to define now: 

Definition I.l. For each identity neighbourhood C/ of a topological group G 
we define the open diagonal neighbourhood := G in G and in G^'^^ by 
setting 

:={(go,...,3p)eGf+i | ^ < i,j < p : g^'g, e U} , 

for p > 1 . For each topological G- module A the sub-complex 

^;*^(G, A) := {/: G*+^ A \ f is continuous on some Tu} 

of the standard complex is called the complex of locally continuous cochains. m 

The topological group G acts on the open neighbourhood Tfj of the diagonal 
of GP^^ via the diagonal action (i.e. by g-{go, ■■■^gp) — {ggo, ■■■,ggp)), and thus 
G acts on the cochain groups Ap{G,A), Af^{G,A) and Ap{G,A) via 

(3-/)(3o, = 9-{f{g^^-{9Q, ■■■,9p))) 

leaving the corresponding sub-complexes invariant. The G- fixed points of this 
action are the G-equivariant functions, which are also called homogeneous group 
cochains. The action intertwines the differentials on the complexes. As a con- 
sequence the subgroups 

G*{G,A):=A*{G,Af,Cl{G,A):=AUG,Af and G*{G,A) -.^ Al{G,A)° 

form sub complexes of A*{G,A). These are the complexes of homogeneous 
group cochains, locally continuous homogeneous group cochains and continu- 
ous homogeneous group cochains respectively. We denote the corresponding 
cohomology groups by H*{G,A), Hl^{G,A) and iJ*(G, A). 

Let Ui be the neighbourhood filter of the identity in G and consider the 
abelian groups 

Af ■'?(G, A) |/ ; G^+i x G^+i ^ A \ 3U eU^ : f\Gv+^xTl is continuous} . 
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The abelian groups A\'^ {G, A) form a first quadrant double complex with ver- 
tical and horizontal differentials given by 

dl^'>:Al'^-,Af+'''^, dr(r^)(xo,...,^P+i,y) -E(-l)7^^'^(^o,..., 

4=0 

Ar^'^->Ar^'+\ dr(r«)(f,yo,...,2/,+i) = (-irE(-i)v'''(^'yo'---'y- •■•'%+!)• 

1=0 

The subgroups AP'«(G, A) := C{Gp+^ x C+^A) of the groups A^fiG, A) form 
a sub double complex. Furthermore the groups A^^'^{G, A)'-^ and AP''^{G, A)'^ of 
equivariant locally continuous and equivariant continuous cochains form a sub 
double complex of A'^^*{G,A) and A*'*{G,A) respectively. 

The rows A'^f{G,A)'^ of the double complex A'^^* {G , A)'-^ of equivariant 
cochains can be augmented by the cochain groups Gi^{G, A) of locally continuous 
homogeneous group cochains and the columns Af^*{G,A)^ can be augmented 
by the cochain groups G^{G, A) of continuous homogeneous group cochains (cf. 
the computations in [Fucllb, Section 2]): 



GUG,A) ,A^f{G,Ar^Alf{G,A)^^A'^fiG,A)G ^ 



Cl{G,A) > ^I'/IG, A)G ^ AV(G, A)G ^ Al\G,Ar ^ 



CO (G, A) > j^f(G, Ar Ar ^ Af ^ ■ ■ ■ 



G^{G, A) — > Gi(G, A) — > C^{G, A) -^-^ ■ ■ ■ 

We denote the total complex of this double complex by Tot^*^*(G, A)*^. The 
augmentations of the rows induces a morphisms : G^^ (G, A) ^ ToiA*^'* (G, A)'^ 
of cochain complexes. Likewise, the augmentations of the columns induces a 
morphism jl : G*(G, A) TotA*;* {G, A)° . On each row A*;!^[G,A)^ one can 
define a contracting homotopy h* by setting 

hP:Af^\G,Af Af-^'«(G,A)G 
h''{f){xo,...,Xp-i,y) = {-l)Pf{xo,...,Xp^i,yo,y) (1) 

(cf. the computations in [Fucllb, Lemmata 2.1, 2.3, 2.8] and [FuclO, Proposi- 
tion 14.3.3]). As a consequence we note: 
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Lemma 1.2. The inclusion : C*^{G,A) M> TotA*^*{G,A)^ induces an iso- 
morphism in cohomology. 

Note that this contraction docs not work in vertical direction since it would 
violate the continuity assumptions on the elements of A^^~^{G,A)'~^ . 

II Continuous and Locally Continuous Group 
Cohomology 

In the following we will show that for loop contractible coefficients the inclu- 
sion of the complex C*(G,A) of continuous group cochains into the complex 
Ci^{G,A) induces an isomorphism i?*(G, A) = Hl^{G,A). 

Recall that a topological group A is called loop contractible if it is con- 
tractible by a homotopy H : [Q^l] x A ^ A such that each H{t, •) is a group 
homomorphism (cf. [FuclO, Section 5]). It is the key observation of this article 
that this requirement on A allows to adapt the procedure from [Fucllb] to our 
setting. 

The following will rely on the row exactness of the double complexes A*'* (G, A)*^ 
and Al'*{G^A)'^ from the previous section and the following observation: 

Proposition II. 1. // the augmented column complexes v4f?(G, A) ^ A^'* {G^ A) 
are exact, then the augmented sub column complexes C]^{G,A) >■ Af^*{G,A)'~^ 
of equivariant cochains are exact as well. 

Proof. For the sake of completeness we recall the proof given in [Fucllb, 
Proposition 3.1]. Assume that the augmented column complexes Ap{G,A) ^ 
Af^*{G,A) are exact. Each equivariant vertical cocyclc /fjj'' G A^f{G,A)'~^ is 
the vertical coboundary dvf^''^~^ of a (not necessary equivariant) cocyclc /P'^-i 
in Afl^~^{G,A). Define an equivariant cochain ffq''~^ of bidcgree {p,q — 1) via 

We assert that the vertical coboundary d^/f^^^^ of this equivariant cochain is the 
equivariant vertical cocycle /f^"^. Indeed, since the differential dy is equivariant, 
the vertical coboundary of fif~^ computes to 

dyf!f-\x,y) = xo.[dyr^''-\xo\x,x^\y)] 

= xo. [/e7(xo ^x, x^\y)] = fPq^x, y) . 

Thus every equivariant vertical cocycle /J'^'^ is the vertical coboundary of an 
equivariant cochain f^q'^~^ of bidegree (p, g — 1). ■ 

Corollary II. 2. // the augmented column complexes A^{G,A) ^ A^'*{G,A) 
are exact, then the inclusion j* : C*{G,A) ^ TotA'^^*{G,A)'-^ induces an iso- 
morphism in cohomology and the cohomologies HfJG,A), H'p {ToiA*^'^ [G , A)'^) 
and Hc{G, AY are isomorphic. 
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It remains to show that in this case the isomorphism Hp{G, A) = Hf^{G, A) is 
actually induced by the inclusion i* : C*{G,A) ^ C*^{G,A). Here the proof 
of [FuclO, Proposition 14.3.8] carries over almost in verbatim, see also [Fucllb, 
Proposition 2.4]: 

Proposition II. 3. The image j^{f) of a homogeneous continuous group n- 
cocycle f on G in TotA*^*{G,A)'^ is cohomologous to the image jj^i"{f) of the 
locally continuous homogeneous group n-cocycle i'^{f) in TotA'^^* {G, A)'^ . 

Proof. Consider a continuous homogeneous group n-cocycle / : G"^^ — > A on 
G and define for all p + q = n — 1 cquivariant cochains ipP'"^ : G^^^ x G^+^ = 
Qn+i _^ ^ in Af^'(G, A) via xpP^'i{x, y) = {-l)Pf{x, y). The vertical coboundary 
of the cochain ^^''^ is given by 

[dvV''']{x,yo,...,yq+i) = (-1)^ ^(-l)7(f, yo, ■ • • , • • • , %) 

= -Y,{-ir+^+'f{xo....,x,,...,Xp,y) 

= KV^-i-^+i](xo,...,Xp,y). 

The anti-commutativity of the horizontal and the vertical differential ensures 
that the coboundary of the cochain 'Yl,p+q=n-ii~^Y'^^''^ ^^^"^ total complex 
is the cochain — j^i^^if)- Thus the cocycles and f^i^^{f) are coho- 

mologous in TotA*^*(G, A)'^. m 

Corollary II. 4. The homomorphism 

H{f,)-'H{jP) : HP{G,A) ^ Hf^{G,A) 

is induced by the inclusion C*{G,A) ^ Cj* (G, ^). 

Recalling the exactness condition on the augmented columns of the double 
complex A*i^*{G, A) we have shown: 

Theorem II. 5. If G is a topological group, A a topological G-module and the 
augmented columns A*^[G,A) '-^ A^^iG^A) of the double complex A*i'*{G,A) 
are exact, then the inclusion G*{G,A) ^ G;*^(G, A) induces an isomorphism in 
cohomology. 

We now turn to showing that for loop contractible coefficients A the exact- 
ness requirement in the above theorem is always satisfied. 

Proposition II. 6. If A is loop contractible, then the augmented column com- 
plexes AP{G,A) ^ AP;*(G, A) are exact 

Proof. We consider for any open identity neighbourhood U in G the open 
neighbourhoods H[/[7i] := [Jg-U^^^ of the diagonal, which form a simplicial 
subspace of G*+^. This allows us to consider the cosimplicial group 

AP'*{G,iiu;A) := {/ : GP+' x il^M ^ A \ V5 e ilc/M : /(- ,5) e G(G''+\ A)} 
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and its cosimplicial sub group AP'*{G,iiu; A) := C(G^'+^ x A) as well as 

the cochain complex associated to both. By switching arguments the cochain 
group AP^'i{G,Hu;A) can be identified with the group / : iiu[q] C{Gp+\A) 
of il-local cochains. Taking the colimit over all identity neighbourhoods yields 
the complex of Alcxander-Spanier cochains 

colimAP^* (G, ilu;A)^ A\s (G, 0(0^+^ , A)) 

of G with coefficients G{GP^^, A). It has been shown in [Fucllb, Lemma 3.12]^ 
that the augmented complex Ap{G,A) ^ Af^*{G,A) is exact if and only if the 
inclusion of colimit complexes 

co\imAP'*{G,iiu;A) ^ co\imAP'*{G,ilu;A), 

where U runs over all open identity neighbourhoods in G, induces an isomor- 
phism in cohomology. 

The latter can be shown by adapting the construction in [Fuel la], where it 
is shown that the inclusion A\g ^{G, A) ^ A\g{G,A) of the continuous into 
the abstract Alexander-Spanier complex induces an isomorphism in cohomol- 
ogy. (For paracompact spaces and vector space coefficients this is a well-known 
fact [Fuclla, Corollary 2.10], see [Fuclla. Corollary 2.14] for not necessarily 
paracompact G.) In the case of loop contractible coefficients we replace the 
Alexander-Spanier prcshcafs A^{—,A) and A'^{—,A) in the proof of [Fuclla, 
Corollary 5.20] by the presheafs AP'1{G, A) and AP'''{G, A) given by 

AP-'^{G,U;A) := G{GP+^ x C/9+\A) 

and 

AP'«(G,f/; A) := {/ : GP+^ x C/«+i ^ A \ Vg' £ U^+^ : f{-,g) £ G{GP+\A)} . 

m 

The arguments leading to [Fuclla, Corollary 5.20] carry over to show that for 
each fixed p the inclusion AP'*{G, U; A) ^ AP'*{G, U; A) induces an isomorphism 
in cohomology. We thus obtain the desired isomorphism 

i/(colim^^'*(G,ilc/;^)) ^ H {colim AP^* {X,iiu; A)). (2) 

Remark II. 7. In the case that G is locally compact, we can obtain the iso- 
morphism (2) directly from [Fuclla, Corollary 2.14], since then ^^'*(G, U; A) = 
AI^{U,G{GP,A)) and thus the inclusion 

AP'*{G,il;A)^Al{il,CiGP,A))^AP-''i{li,G{GP,A))^AP^'>{G,ii]A) 

induces an isomorphism in cohomology. ■ 

Corollary II. 8. If G is a topological group and A is a loop contractible topologi- 
cal G-module, then ttie inclusion C*{G, A) ^ Ci^(G, A) induces an isomorptiism 
in cohomology. 

^In the cited manuscript the complex Af^''{G, A) is denoted by Acg''{G, A) and one has to 
consider G acting on itself by left translation. 
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Ill The compactly generated case 



There exists another version of locally continuous cochains if one works solely 
in the category kTop of A:-spaces [tD08, §7.9], [Hov99, §2.4]. First of all this 
leads to a different notion of topological group, where one requires the group 
multiplication G x G — > G to be continuous in the fc-topology, which is in general 
finer than the product topology. Moreover, this also affects the notion of G- 
module, where one also requires the action map G x A ^ A to he continuous 
with respect to the fc-topology. We then call G a fc-group and A a fc-module for 
G. 

The 'k-ification' of topological spaces is a functor k : Top kTop. Working 
in kTop one can still define continuous and 'locally continuous' cochains by 
using products in the category kTop instead of Top (cf. [Fuel lb. Section 4]): 

Cl^iG,A) G(kG«+\A)^ 

Gf^_fc(G, A) := |/ G A\G,Af \ 3U eUi : /l^r?, is continuousj 

These subcomplexes of the standard complex lead to generally different versions 
of cohomology groups i7"j.(G, A) and iJ/J ^.(G, A) respectively, and the inclusion 
G*j^{G,A) G;*^j.(G,A) induces a homomorphism Hc,k{G,A) Hic,k{G,A). 
Likewise (cf. [Fucllb, Section 4]) one can define another bicomplex 

^!c%iG,A) := {/ : G^+i x G''^^ ^ G | 3U eUi : ./Ikcp+i x,kr^ is continuous} , 

where kG^^^ Xfc kF^ is the product in kTop. As observed in [Fucllb, Section 
4]) the rows an columns of the double complex yl^^'j,(G, A)'~^ can be augmented 
by the complexes G;* j,(G,A) and G;* ^(G, A) respectively. The proof of the 
preceding two sections carry over to yield the following results. 

Lemma III.l. (cf. Lemma 1.2) The inclusion j]:^ ,. : C^^^,^{G,A) Tot A*;*^{G , A) 
induces an isomorphism in cohomology. 

Proposition III. 2. (cf. Proposition II. 1) If the augmented column complexes 
A^^.(G, j4) ^ j4f^*^(G, j4) are exact, then the augmented sub column complexes 
cik{^\V)^ ^ AP;*^^{X-V)^ are exact as well. 

Proposition III. 3. (cf. Proposition II. 3) The image jj^ ^{f) of a homogeneous 
continuous group n-cocycle f on G in Tot^;*^*j,(G, A)*^ is cohomologous to the 
image .j^ i^i^if) of the locally continuous homogeneous group n-cocycle i"{f) in 
TotA;';,(G,A)G. 

Corollary III. 4. The homomorphism 

H{fn.k)-'m.u) ■■ HUG, A) ^ Hf^GA) 
is induced by the inclusion G* (G, A) ^ G;* j, (G, A) . 
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Corollary III. 5. If the augmented column complexes k{Gi A) ^ A^^-^{G, A) 
are exact, then the inclusion C*i.{G,A) ^ Ci^\{G,A) induces an isomorphism 
in cohomology. 

Up to here the procedure is exactly the same as in the Section II. However, 
we have to restrict the setting slightly for the main result of this sections that 
wc now restrict to. 

Proposition III. 6. If G is a k-group whose finite products are k-spaces for 
the product topology and A is a loop contractible continuous G-module, then 
Clj^{G,A) ^ C,*^ j.(G, A) induces an isomorphism Ill^{G,A) ^ II^^^{G,A) in 
cohomology. 

Proof. By the previous corollary we have to show that the augmented column 
complexes A^j,(G,y4.) ^ A^^^^iG^A) are exact. The assumption that each G^ , 
endowed with the product topology, is a fc-space ensures that the open diagonal 
neighbourhoods il[fc] are cofinal in the directed system of all open diagonal 
neighbourhoods. With this observation the proof of Proposition II. 6 of the 
exactness of A^^(G, A) ^ A^'*i^{G,A) carries over to the compactly generated 
case if one replaces the results from [Fuel lb] and [Fuel la] accordingly. 

In more detail, the cosimplicial group ylP'*(G,il; A) has to be replaced with 

A^^*(G,il; A) := {/ : G^+' x it[*] ^ A \ Vg £ il[*] : f{-,g) £ G(kGf+\A)} , 

[Fucllb, Lemma 3.12] has to be replaced with [Fucllb, Lemma 5.12] and 
[Fuclla, Corollary 5.20] has to be replaced with [Fuclla, Corollary 6.20]. ■ 

IV Smooth and Locally Smooth Group Coho- 
mology 

From now on we assume that G and A are Lie groups and that A is a smooth 
G-module*. Replacing the notion of continuity in Section II by smoothness we 
obtain the complex G*(G,A) of smooth homogeneous group cochains and the 
complex Gj* (G, A) of homogeneous group cochains which are smooth only on 
some identity neighbourhood in G. These augment the columns and rows of the 
double complex A*i'*{G,A)'^ given by the G-invariants of the double complex 

A\f{G,A) := |/ : G^+i x G«+i ^ G | 3U : f\Gv+^^Tl is smoothj , 

We denote the total complex by Tot^;*^*(G, A)*^. The augmentations of the 
rows induces a morphisms : G;*j,(G, A) ^ ToiAll*{G,A)'^ of cochain com- 
plexes. Likewise, the augmentations of the columns induces a morphism j* : 
G*(G, A) ^ TotA;;*(G, A)^. On each row A*;'?(G, A)^ one can define the same 
contracting homotopy /i* as in (1) showing 

^Manifolds are understood in the general infinite dimensional calculus from [BGN04] 



9 



Lemma IV.l. (cf. Lemmal.2) The inclusion : C;* (G, A) TolA*'*{G,A)^ 
induces an isomorphism in cohomology. 

Using the same arguments as in Section II we further obtain: 

Proposition IV. 2. ( cf. Proposition II. 1) If the augmented complexes A^. (G, A) '-^ 

A^'*[G,A) are exact, then the augmented sub column complexes C^{G,A) ^ 
Af^*{G,A)'^ of equivariant cochains are exact as well. 

Proposition IV. 3. (cf. Proposition II. 3) The image of a homogeneous 

smooth group n-cocycle f on G in TotA'^^* {G, A)'~^ is cohomologous to the image 
jj^i^if) of the locally smooth homogeneous group n-cocycle i^{f) in TotA^j*(G, A)^ . 

Corollary IV.4. The homomorphism H{jl)-^H{jP) : HP{G,A) -> Hf^{G,A) 
is induced by the inclusion G*{G,A) ^ G;* (G,A). 

Corollary IV. 5. If the augmented complexes Af(G, A) ^ A^'^*{G,A) are ex- 
act, then the inclusion G*(G, A) ^ Gj* (G, A) induces an isomorphism in coho- 
mology. 

Like in the previous section, the procedure was exactly the same as in Section 
II, but now comes the point where we have to impose an additional condition 
on G. 

Proposition IV. 6. If G is a Lie group whose finite products are smoothly para- 
compact and A is a smoothly loop contractible smooth G-module, then the in- 
clusion G*(G, A) ^ G;*^(G,A) induces an isomorphism HP{G,A) = IIf^{G,A) 
in cohomology. 

Proof. Analogously to Proposition II. 6 one shows that the augmented com- 
plexes AP{G,A) ^ Af^*{G,A) are exact. The assumption on each G'^ to 
be smoothly paracompact allows us to replace the results from [Fuel lb] and 
[Fuel la] accordingly. 

In more detail, we replace the cosimplicial group A^'* {G,ilu', A) with 

AP'*{G,iiu;A) := {/ : G^+i x ikr[*] ^ A \ Vg G ilc/[*] : /(- ,g) e G°°(Gf+i, A)} , 

[Fucllb, Lemma 3.12] has to be replaced with [Fucllb, 7.12] and [Fuclla, Corol- 
lary 5.20] has to be replaced with [Fuclla, Theorem 7.16]. ■ 

V Application to finite-dimensional Lie groups 

In this section we show which impact the results of the previous sections have 
for finite-dimensional Lie groups. We first recall the following fact from [BWOO, 
Lemma IX.5.2] or [HM62, Theorem 5.1]. 
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Theorem V.l. If G is finite-dimensional, a is a quasi complete locally convex 
space^ and a smooth G-module, then the inclusion C*{G, a) ^ G*{G, o) induces 
an isomorphism in cohomology. 

Lemma V. 2. If T is a discrete G-module, then the inclusion G*{G,T) ^ 
C*(G,r) is an isomorphism. In particular, it induces an isomorphism in coho- 
mology. 

Proof. If A is discrete, then smooth maps are the same thing as continuous 
maps. ■ 

Corollary V.3. IfG is finite- dimensional, a is a quasi complete locally convex 
space and a smooth G-module and T C a is a discrete submodule, then the 
inclusion C;* (G, A) ^ Gj* (G, A) induces an isomorphism in cohomology, where 
A denotes the smooth G-module a/T. 

Proof. The exact sequence T ^ a ^ A oi coefhcients admits a smooth local 
section and thus induces long exact sequences in locally smooth and locally con- 
tinuous cohomology (the argument of [Nee04, Appendix E] carries over literally 
to locally continuous group cohomology it the coefficient sequence admits a sec- 
tion which is continuous on some identity neighbourhood.). Together with the 
inclusions Gj* (G, A) G*^{G,A) this gives rise to the commuting diagram 

HJliG, r) ^ HJliG, a) ^ HlliG, A) ^ HJl+^G, T) ^ Hll+\G, a) 

i i i i i 

HIliG, r) ^ HlliG, a) ^ HIliG, A) ^ i/[i+^(G, T) ^ Hl^+\G, a) 

with exact rows. The first and last two vertical morphisms are isomorphisms 
by the preceding results of this section and Corollary II. 8 and Proposition IV. 6. 
Thus the middle one is also an isomorphism by the five lemma. ■ 

The previous result does not hold in for infinite-dimensional G, as the case 
G = C{S^,K) for K a compact, simple and simply connected Lie group shows. 
The inclusion G°°{S^,K) ^ C{S^,K) is a homotopy equivalence by [Nee02, 
Remark A. 3. 8] and thus the universal central extension of G°° {S^ , K) induces 
a topological non-trivial bundle 

U{1) ^ P ^C{S^,K). 

Now P can be equipped with the structure of a topological group, since this is 
invariant under homotopy equivalences [Gr72. Prop. VII. 1.3. 5]. This gives rise 
to a non-trivial element in Hf^{C{S^ , K),U{1)). However, C{S^,K) is simply 
connected and thus does not have any non-trivial central Lie group extension 
by [Nee02, Theorem 7.12] and Corollary 13 and Theorem 16 from [Mai02]. 
Thus Hf^{C{S^ , K),U{1)) vanishes. However, C{S^,K) is not smoothly para- 
compact, which would be the natural framework under which one would expect 

locally convex space is said to be quasi-complete if each bounded Caucliy net converges. 
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that H*^{G, A) is isomorphic to H^^{G, A). To the knowledge of the authors it is 
an open problem, whether for smoothly paracompact Lie groups G and smooth 
G-modules A = a/T the cohomologics Hi^{G, A) and Hi^{G, A) coincide or not. 
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